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Charged scalar-tensor boson stars: Equilibrium, stability, and evolution
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We study charged boson stars in scalar-tensor~ST! gravitational theories. We analyze the weak field limit of
the solutions and analytically show that there is a maximum charge to mass ratio for the bosons above which
the weak field solutions are not stable. This charge limit can be greater than the GR limit for a wide class of
ST theories. We numerically investigate strong field solutions in both the Brans-Dicke and power law ST
theories. We find that the charge limit decreases with increasing central boson density. We discuss the gravi-
tational evolution of charged and uncharged boson stars in a cosmological setting and show how, at any point
in its evolution, the physical properties of the star may be calculated by a rescaling of a solution whose
asymptotic value of the scalar field is equal to its initial asymptotic value. We focus on evolution in which the
particle number of the star is conserved and we find that the energy and central density of the star decrease as
the cosmological time increases. We also analyze the appearance of the scalarization phenomenon recently
discovered for neutron stars configurations and, finally, we give a short discussion on how making the correct
choice of mass influences the argument over which conformal frame, the Einstein frame or the Jordan frame,
is physical.@S0556-2821~99!00122-8#

PACS number~s!: 04.50.1h, 04.40.Dg
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I. INTRODUCTION

Boson stars are localized, asymptotically flat configu
tions of gravitationally bound zero temperature boso
Mathematically, the boson field is described by a comp
wave functionc whose Lagrangian possesses an inter
U(1) symmetry that gives rise to a conserved chargeN,
interpreted as the total number of bosons. The time dep
dence ofc does not appear in the field equations, and
solutions describe bound eigenstates ofc with a number of
nodes that increases with the energy. The first boson
solutions were found by Kaup@1# and independently by
Ruffini and Bonazzola@2#, who studied spherically symme
ric stars in general relativity~GR!. They found that the solu
tions were qualitatively similar to those describing neutr
stars and white dwarfs, although they were of much sma
mass. Colpi, Shapiro and Wasserman@3# extended their
work by examining GR boson stars whose matter Lagrang
includes a quartic self-interaction term. This additional te
contributes to the pressure of the star, increasing both
mass and particle number. More general self-interac
terms can be considered. The first research on this sub
was undertaken by Lee and co-workers@4# who, in a series
of papers, studied the properties of non-topological solito
These are boson stars whose self-interaction term allows
calized, non-singular solutions to exist even in the absenc
gravity. To accomplish this, the self-interaction must ha
attractive terms and must be at least sixth order in the bo
field amplitude. The work of Leeet al. was performed inde-
pendently of the main body of boson star research. For
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case of non-soliton stars, it is not immediately obvious h
the inclusion of a non-quartic self-interaction affects t
properties of the star. This problem will be addressed e
where@5#; for our purposes, it will be sufficient to only con
sider the usual quartic self-interaction term. For reviews
Ref. @6#.

Charged boson stars in GR were first studied by Je
and van der Bij@7# who found that the inclusion of the
charge increases the star mass and particle number, in m
the same way as the inclusion of the quartic self-interacti
In addition, they found that there was an upper limit on t
charge to mass ratio of the bosons above which no n
singular solutions could be found: stars made up of bos
whose charge is beyond this limit generate a repulsive C
lomb field that overcomes the gravitational attraction,
gardless of the number of bosons that make up the star.
stability properties of charged boson stars in GR were st
ied by Jetzer@8# before the advent of the use of catastrop
theory in stellar equilibrium. Also, Jetzer and co-workers@9#
have discussed the influence of charged boson stars on
stability of the vacuum and have considered their contri
tion to cosmological dark matter.

Recently, there has been renewed interest in alterna
theories of gravity, in particular scalar-tensor~ST! theories,
in which the usual metric gravitational field is augmented
a scalar fieldf which couples to the curvature via a param
eterv(f). The strength of this coupling increases with 1/v.
The simplest of these is Brans-Dicke~BD! theory @10# in
which v is constant. These present studies of ST theories
motivated by the fact that they appear as the low energy li
of string theory@11# ~the simplest string effective action be
ing thev521 BD action! and that scalar gravitational field
arise from dimensional reduction of higher dimensional th
©1999 The American Physical Society50-1
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A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
ries ~see Ref.@12# and citations therein!. These theories may
better describe gravity in the early Universe and, in additi
several models of inflation are driven by the same scalar fi
of ST gravity @13#. Finally, ST theories provide a self
consistent framework in which one can study the poss
variation of the gravitational couplingG.

The strongest constraints on ST theories are usually
sumed to come from the solar system weak field tests@14#.
As is well known, observations constrain the BD parame
to have a value ofv.500 to within 1s. However, more
general ST theories can satisfy the rather stringent c
straints determined at the current epoch, while still differi
considerably from GR in the past@15#. In addition, it has
been shown that strong non-perturbative ST gravitational
fects may arise in ST neutron star configurations at
present epoch, even when the parameters of the theory
cord well with observational tests@16#.

The current popularity of alternative models of grav
has prompted several authors to study boson stars in
framework of ST theory. The first of these were Gunders
and Jensen@17#, who considered BD boson stars withv
56. More general ST boson stars were considered by To
@18# and later by Comer and Shinkai@19#. These studies
showed that the inclusion of thef field introduces no quali-
tative change in the solutions, although in all cases, bo
stars have a slightly smaller mass than their GR counterp

Spherically symmetric charge distributions in ST theo
have also been investigated before. Singh and Usham@20#
studied particular solutions of the BD field equations with
charged perfect fluid source in Dicke’s conformally tran
formed units. van der Bergh@21# analyzed the case of a S
spacetime containing an electrostatic field, with tracel
energy-momentum tensor, and found both naked time-
singularities and non-singular solutions. Reddy@22# and
Reddy and Rao@23# also obtained spherically symmetri
static, conformally flat solutions of the BD electro-vacuu
field equations. Neither of these authors, however, have c
sidered the case of massive particles bounded to form a
and the existing literature does not provide an analysis of
charged boson star system as we do here.

While charged stars, either in GR or in a ST theory,
interesting objects from a theoretical standpoint, until l
year it was thought unlikely that they would play a signi
cant astrophysical role. The argument to support this v
was that of selective accretion: any charged object will na
rally accrete matter of opposite sign and ultimately beco
neutral, as would, for example, a Kerr-Newmann black ho
However, a recent study by Punsly@24# established that a
charged rotating black hole will be able not only to prese
its charge, but will also generate observable gamma rays
an extremely simplified view of his model, he considered
black hole to be surrounded by a ring of opposite charge,
otherwise isolated in interstellar space. The ring, while n
tralizing the whole system as seen by an observer at sp
infinity, would allow the black hole to keep its charge. Ma
netic flux lines would enter the hole through its axis of sy
metry and pair creation would produce gamma rays. T
process may be important in understanding the nature
some of the unidentified galactic gamma ray sources rece
10405
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discovered by the NASA Compton satellite, in its Energe
Gamma Ray Experiment Telescope~EGRET! experiment
@25#.

The already initiated program of searching for obser
tional signals of boson stars has led us to some signific
analogies with black holes@26#. Therefore, it is natural to
expect that research into the subject of charged boson
would extend this analogy. For instance, it may be poss
that a rotating charged boson star may replace the ce
engine of Punsly’s mechanism, although a careful analy
should be made to prove or disprove this statement~some-
thing which is far from the purpose of the present work!. It is
worth noting, however, that the more realistic models of~un-
charged! rotating boson stars have been investigated and
lutions were shown to exist@27#. There is no reason to sup
pose that rotating charged boson star solutions do not
exist. All in all, it is encouraging that charged objects a
found to produce testable effects from which their ast
physical signatures may be extracted: the presence of ch
allows a wider range of phenomena to be observable. In
context of our present work, boson stars, either charged
uncharged, are relativistic constructs that may help us un
stand the influence of a different gravitational theory and
cosmology on the astrophysical world.

In a ST theory, at the level of the action, Newton’s gra
tational constantG is replaced by a fieldG!5G/f. In a
cosmological settingG! will evolve with time, giving rise to
the twin phenomena of gravitational memory and gravi
tional evolution@28#. Consider a compact object in equilib
rium that forms at some timet1 at which the gravitational
coupling strength isG1

!. The value ofG1
! will determine to

some extent the structure of the object. At some later cos
logical time, G! will have evolved to some new valueG2

!

and the object may either ‘‘remember’’ its local value ofG1
!

or evolve to some new configuration in which its local val
of G! matches the cosmological valueG2

!. In actual fact, one
would expect the behavior of the object to lie somewh
between these two extremes. Boson stars seem to be
candidates for the study of these phenomena: they are
tively simple objects whose equilibrium solutions are easy
find, they are non-singular and they are fully relativist
Gravitational memory and gravitational evolution in bos
stars were first analyzed by Torres, Liddle and Schunck@29#,
who constructed sequences of static configurations at dif
ent cosmological times. One can also consider the evolu
of other compact objects, such as the white dwarfs studied
Garcı́a-Berro et al. @30# and Benvenutoet al. @31#, who
found that the variation ofG! produced observable change
in the stars’ luminosities.

The bosons that make up a boson star are assumed to
identical massm and, as we shall show in detail in the fo
lowing section,m and the Planck massM pl serve as a scale
against which all physical properties of the star may be m
sured. Here we shall briefly outline the range of physi
magnitudes possible for given choices ofm. For a mini-
soliton star~made of uncharged non-self-interacting boson!,
the choicem530 GeV implies that the mass of the star is
order 1010 kg, which is 20 orders of magnitude smaller th
0-2
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CHARGED SCALAR-TENSOR BOSON STARS: . . . PHYSICAL REVIEW D 60 104050
the solar massM ( , while its radius is of order 10217 m.
This gives a density of around 1048 times that of a neutron
star @6# and these objects are obviously highly relativist
Only when the boson mass is reduced to around 10210 eV
does the star resemble a more conventional stellar objec
we have mentioned above, including a self-interaction pot
tial V(c) can substantially alter these figures. The imp
tance of the self-interaction term is measured by the r
V(c)/(m2ucu2), which for the quartic self-interaction con
sidered by Colpiet al. @3# is approximatelylM pl

2 /m2, where
l is a constant and one assumes thatucu;M pl . In this case,
the self-interaction can only be neglected ifl is exceedingly
small: l!m2/M pl

2 56.7310239 GeV22 m2. Rewriting the
potential as the dimensionless numberLªlM pl

2 /(4pm2),
the equilibrium solutions can be parametrized byL and for
L@1, the boson star masses scale asL1/2M pl

2 /m
;l1/2M pl

3 /m2;l1/2Mch , where Mch is the Chandrasekha
mass~approximately 1M (). For instance, ifm51 GeV, the
star has a mass of 1.6AlM ( and a radius of 6Alkm. If,
instead, we takem51 MeV, then the mass become
106AlM ( and the radius becomes 106Al km, which is
similar to the Sun’s radius but encompasses 13106 solar
masses. For non-topological soliton stars, the mass
found to scale asM pl

4 /m3 and one can construct soliton sta
of very large mass and radius~the latter quantity being of the
order of a few light years!. The fact that bothm and l are
free parameters allows one to construct boson star solut
with physical properties whose values range over all as
physically interesting magnitudes. With the inclusion of t
gauge charge, the range of physical magnitudes will dep
upon a third independent parameter. We shall discuss th
more detail when we analyze numerical solutions in Sec.

The rest of this work is organized as follows. Section
introduces the basic formalism, both for gravity and the s
lar model. An analysis of the charge, the mass definition
the asymptotic limit is made in Sec. III. In Sec. IV we di
cuss the boundary values for all fields and provide sca
relations valid for our field equations, which we shall lat
use. We then analytically prove, in Sec. V, that there exis
maximum charge for weak field configurations~character-
ized by small central densities! which differs from the GR
result ~we shall also explicitly derive this last result as t
correct limit of the ST case!. In Sec. VI we numerically
analyze strong field solutions for both BD gravity and a re
resentative power law ST theory. These latter solutions d
onstrate how ST boson stars may produce observable
effects at the current epoch. Section VII is devoted to
discussion of gravitational memory and evolution of bos
stars, both charged and uncharged. We give our final c
ments in Sec. VIII.

II. FORMALISM

The system we study is that of a complex scalar fieldc
with a U(1) charge in the framework of ST gravity. Its a
tion is given by
10405
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1

16pE d4xA2gFfR2
v~f!

f
gmnf ,mf ,n116pLmG ,

~1!

whereg5Det(gmn), R is the scalar curvature,v is the cou-
pling function andLm is the matter Lagrangian. We takeLm
to be

Lm52
1

2
gmn~D̄mc̄!~Dnc!

2
1

2
m2cc̄2

1

4
l~cc̄!22

1

16p
FmnFmn ~2!

where

Fmn5]mAn2]nAm , ~3!

Dm5]m1 ieAm , ~4!

Am is the gauge field and the over-bar denotes complex c
jugation. This Lagrangian is invariant under a gauge tra
formation of theU(1) group. This implies the existence of
conserved current

J m5A2ggmn@ ie~ c̄]nc2c]nc̄!22e2Ancc̄#, ]mJ m50.

~5!

Varying the action with respect togmn andf we obtain the
field equations

Rmn2
1

2
gmnR5

8p

f
Tmn1

v~f!

f2 Ff ,mf ,n2
1

2
gmnf ,af ,aG

1
1

f
@f ,m;n2gmnhf# ~6!

and

hf5
1

2v13 F8pT2
dv

df
f ,af ,aG , ~7!

where

Tmn5~D̄mc̄!~Dnc!1
1

4p
Fm

sFns2
1

2
gmnFgab~D̄ac̄!

3~Dbc!1m2cc̄1
1

2
l~cc̄!21

1

8p
FabFabG ~8!

is the energy-momentum tensor for the matter fields andT is
its trace.

Varying the action with respect to the mater fieldsc, c̄
andAm we obtain the boson wave equations

gab¹aDbc5~m21lc̄c!c2 iegabAaDbc,

gab¹aD̄bc̄5~m21lc̄c!c̄1 iegabAaD̄bc̄ ~9!

and the Maxwell equation
0-3
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A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
¹nFmn52pJm, ~10!

where

Jm
ª

1

A2g
J m. ~11!

We consider static, spherically symmetric solutions a
write the line element in the Schwarzschild form

ds252B~r !dt21A~r !dr21r 2dV2, ~12!

wheredV2 is the line element of the unit 2-sphere. We lo
for solutions of minimum energy. It has been shown@4# that
for spherically symmetric systems of uncharged boso
sinceLm is universally coupled to the curvature, the form
c compatible with this requirement is

c~r ,t !5x~r !exp@ iÃt#, ~13!

whereÃ is a real positive constant. To prove this, one mi
mizes the total energy of the boson star subject to the c
straint that the particle number~which we shall define below!
be conserved. The parameterÃ plays the role of a Lagrang
multiplier and this result is independent of the form of t
boson self-interactionV(f). This result also holds when on
includes aU(1) charge@32#, and so we take Eq.~13! to be
valid in the present work.

Equation~13! is also consistent with the assumption th
gmn is static. The scalar fieldf inherits the symmetries of th
line element and is a function ofr, while the gauge field may
be chosen such that we have only electric charges and
magnetic ones, so we set

Am5„A0~r !,0,0,0…. ~14!

Before we explicitly write down the full set of equation
of structure of the star, we shall introduce some dimensi
less quantities which will simplify the comparison with th
previous work cited in Sec. I. Using the boson massm and
the present value of the Planck massM plªA1/G to define
length and energy scales, the new quantities are

V~r !5
Ã1eA0

m
, ~15!

s5A4p
x~r !

M pl
~16!

and

L5
l

4p S M pl

m D 2

~17!

for the boson sector,

C5
A0

M pl
~18!

and
10405
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eMpl

m
~19!

for the gauge field, and

F5
f

M pl
2

~20!

for the Brans-Dicke field. We also introduce a rescaled rad
coordinatex defined by

xªmr. ~21!

In terms of these quantities, the independent component
the field equations~6!, ~7!, ~9! and ~10! are the following:

The generalized Einstein equations

A85AxFs82~2v11!

F~2v13!
1

s2A

F~2v13! S V2

B
~2v15!

12v21D1
s4AL~2v21!

2F~2v13!
2

B8F8

2BF
1

vF82

2F2

2
F82

F~2v13! S dv

dF D1
C82

BF
1

1

x2
~12A!G ~22!

B85
x

2F1xF8
F2Bs8212s2A~V22B!2s4ABL

2
4B

x
F81

Bv

F
F8222C821

2BF

x2
~A21!G . ~23!

The scalar field equation

F95F8S A8

2A
2

B8

2B
2

2

xD1
2A

2v13 F S V2

B
22Ds22

s82

A

2Ls4G2
1

2v13

dv

dF
F82. ~24!

The boson field equation

s95s8S A8

2A
2

B8

2B
2

2

xD2AF S V2

B
21Ds2Ls3G . ~25!

The Maxwell equation

C95C8S B8

2B
1

A8

2A
2

2

xD1qAVs2. ~26!

Here a prime denotesd/dx. We mainly consider two forms
of v: the Brans Dicke coupling in whichv is constant and a
power law coupling, where 2v1354n/3Fn.

Equations~22!–~26! reduce to the general relativistic one
@7# when v→`, F→1 and dv/dF→0. Note, however,
that this is not a simple issue whenever the trace of the m
0-4
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CHARGED SCALAR-TENSOR BOSON STARS: . . . PHYSICAL REVIEW D 60 104050
ter energy-momentum tensor vanishes@33#. This is not the
case here, although we still verify the general relativis
limit for large values ofv.

III. CHARGE, MASS AND THE ASYMPTOTIC LIMIT

We shall first look for solutions that are asymptotica
flat in the sense that, in the limitx→`,

A;11OS 1

xnD , B;B`1OS 1

xnD ,

F;F`1OS 1

xnD , C;C`1OS 1

xnD ,

~27!

wheren>1 and the subscript ‘‘̀ ’’ denotes values at space
like infinity. We also requires to vanish at least as fast a
x21 so that the boson matter is localized and the soluti
describe bound eigenstates ofc. In fact, as we shall show
below, the conditions above imply thats falls off exponen-
tially asx→`. In addition, the field equations~22!–~26! are
invariant under the rescalingC→C1c, Ã→Ã2qc wherec
is a constant, and we use this remaining gauge freedom t

C`50. ~28!

This implies thatV`5Ã/m.
Given the asymptotic flatness conditions, we may defi

expressions for the total charge and mass~or energy! of the
boson stars. From the conserved current equation~5! one
may derive a conserved~time independent! charge

Q5qE
0

`

VAA

B
s2x2 dx. ~29!

This quantity may be interpreted as the star’s total electr
charge per unit boson mass. Since all of the bosons are
sumed to carry identical charge per unit massq, we may also
define a conserved particle number

Nª

Q

q
5E

0

`

VAA

B
s2x2 dx. ~30!

Because of the fact that we are using the boson massm as the
mass scale, the numerical value ofN is also equal to the
value of the ‘‘rest mass’’ of the star, a term we use to d
scribe the sum of the masses of the bosons measured in
non-gravitational way. Then the particle number is measu
in units of M pl

2 /m2 while the rest mass is measured in un
of M pl

2 /m. We also define a Newtonian mass

MNª
N

F`
~31!

which measures the active gravitational mass of the
whose bosons are dispersed to infinity.

Integrating the Maxwell equation~26! we find an alterna-
tive expression for the total charge:
10405
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Q5E
0

` d

dx S x2

AAB

dC

dx D dx5 lim
x→`

S x2
dC

dx D , ~32!

where we have use the asymptotic flatness conditions to
rive the second equation. In an analogous way, we define
‘‘scalar charge’’

Sª lim
x→`

S x2
dF

dx D . ~33!

Note that this is not in general a conserved quantity as th
is no internal symmetry associated withF in the action~1!.
We introduce it here since it is included in the expression
the mass of the star which we shall give below. Integrat
the wave equation~24! gives an alternative expression fo
the scalar charge:

S5E
0

`

x2FF8S A8

2A
2

B8

2BD1
2A

2v13 F S V2

B
22Ds2

2
s82

A
2Ls4G2

1

2v13

dv

dF
F82Gdx. ~34!

The generalization of the Schwarzschild mass is defined
plicitly by the familiar relation

AªS 12
2M ~x!

x D 21

. ~35!

Note that this equation does not explicitly include the sca
field F: here the gravitational coupling strengthG* 5G/F
has been factored intoM. Using Eq.~22! the Schwarzschild
mass may be written as the integral

M ~x!5E
0

x

dx̃
x̃2

2 F vF82

2AF2
2

F82

AF~2v13! S dv

dF D
1

s2

F~2v13! S V2

B
~2v15!12v21D

1
s82~2v11!

AF~2v13!
1

s4L~2v21!

2F~2v13!

2
B8F8

2ABF
1

C82

ABFG . ~36!

One can show thatM`ª limx→`M5MADM , whereMADM
is the Arnowitt-Deser-Misner~ADM ! mass of the star. Note
that the integrand in Eq.~36! contains non-positive definite
terms, so thatM 8 and M themselves may be negative fo
weak field solutions. This is because the scalar field terms
the right hand side of Eq.~6! may causeGmn to violate the
dominant energy condition. This fact has been exploited
the construction of ST wormhole solutions for which th
matter energy-momentum tensor satisfies all of the ene
conditions@34# and even when there is no matter tensor at
@35#.
0-5
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A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
As shown by Lee in a usually uncited paper@36#, the
correct definition of mass for an isolated source in BD gr
ity is the tensor mass

MTªMADM2
S

2F`
. ~37!

This definition is also appropriate for more general ST th
ries. From the tensor and Newtonian masses, we define
binding energy

EªMT2MN ~38!

and the fractional binding energy

BªMT2MN

MN
~39!

which measures the binding energy per unit boson mass
boson. A necessary condition for dynamical stability is th
E,0, which implies thatB,0.

There are several reasons for preferringMT over MADM
as the correct definition of the mass of the star in ST grav
Lee @36# has shown that for a localized source that em
gravitational radiation, the time rate of change ofMT evalu-
ated at future null infinity is non-positive definite~in other
words, gravitational wave emission can only reduce the t
sor mass of the source!. This is not true forMADM . Creigh-
ton and Mann@37# have given a quasi-local definition o
mass in ST gravity based on a rigorous consideration of
boundary terms both in the variation of the Lagrangian a
in the formulation of the Hamiltonian. It turns out in eithe
case that the expression for the mass is given by the u
integral of the extrinsic curvature on the boundary of t
region under consideration, plus an additional term ana
gous to the scalar charge defined above. For an asymp
cally flat spacetime, and in the appropriate limit, one c
show that their mass tends to the tensor mass given abov
addition, one can show that, at least for uncharged bo
stars in BD theory, any solution with extremal tensor mas
also one of extremal Newtonian mass~and hence extrema
particle number! @38#. This result is easily extended to mo
general ST theories and is important when one uses cata
phe theory to determine the stability of a boson star@39#: a
plot of mass against particle number for a set of solutio
should show ‘‘cusps’’ at the extremal values of the parti
number. The first of these cusps marks the point at which
solutions become dynamically unstable.

Expanding the metric and matter field equations in pow
of 1/x about x5` one can write the field equations in
linearized form, similar to that given in Sec. V for the we
field limit. Solving these equations and using the bound
conditions ~27! and ~28!, we find that the scalar field an
vector potential have the asymptotic form

F5F`2
S

x
1OS 1

x2D , C52
Q

x
1OS 1

x2D , ~40!

while the line element in this limit is
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ds252F12
2MK

x
1OS 1

x2D Gdt2

1F11
2MADM

x
1OS 1

x2D Gdx21x2dV2. ~41!

Here

MKªMADM2
S

F`
~42!

is the Keplerian mass of the star. Note that Eq.~40! can be
obtained directly from Eqs.~32! and ~33!.

Substituting the metric components appearing in
asymptotic form of the line element into the boson wa
equation~25! gives

s952
2s8

x
2sS 11

2MADM

x D
3F S V`2

qQ

x D 2S 11
2MK

x D21G1OS 1

x2D . ~43!

This equation has the solution

s5xbe2kxF11OS 1

xD G , ~44!

where the constantsk andb are given by

k5A12V`
2 ,

b5211
1

k F ~2V`
2 21!MT2

S

2F`
2qQV`G .

~45!

Hence the boson field falls off exponentially withx in the
asymptotic region. The quantityk may be interpreted as th
reciprocal radius of the star and must be real. This imp
that V`,1.

We conclude this section with a note on the physical
terpretation ofMK and MT and the choice of the physica
frame. The Keplerian mass is the active gravitational m
measured by a non-self-gravitating test particle in a circu
orbit at space-like infinity about the star, while the tens
mass is the active gravitational mass measured by a ‘‘
black hole’’ in a similar orbit@40#. By test black hole we
mean an object whose mass is negligible compared to
mass of the boson star and is made up entirely of grav
tional binding energy. Its orbit is geodesic in the Einste
frame, whose metricg̃mn is related to the physical metric b
the conformal transformationg̃mn5Fgmn . Calculating the
angular velocity of a circular orbit in the Einstein fram
using Kepler’s third law and transforming the result ba
into the Jordan frame, we find thatMT is given by

MT5 lim
x→`

F r 2~FB81BF8!

2F1rf8
G . ~46!
0-6
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The expression forMT in the Einstein frame shows that th
quantity is non-negative.

The ADM mass in the Jordan frame cannot be interpre
in terms of particle orbits. In the limit of largev, F is only
weakly coupled to the curvature andS is small compared
with MADM . Hence, in this limit the differences betwee
MADM , MK and MT are negligible and in the exact G
theory all three definitions are the same.

Recently, Faraoni, Gunzig and Nardone@41# have argued
that the Einstein frame should be considered to be the ph
cal frame, primarily because the Jordan frame ADM mas
non-positive definite, even when the matter ener
momentum tensorTmn satisfies all of the energy condition
However, we believe that this reasoning is based upon
wrong choice of mass definition: the physical mass in
Jordan frame isMT and one can show thatMT is positive in
the following way. After a conformal transformation into th
Einstein frame, one can show that the new Einstein ten
will obey the dominant energy condition if the Jordan fram
matter energy-momentum tensorTmn obeys the dominant en
ergy condition. Then the Einstein frame ADM mass will b
non-negative, by the usual positive energy theorems. H
ever, by analyzing the effect of a conformal transformat
on the definition ofMADM , one can show that the Einste
frame ADM mass is identical to the Jordan frame ten
mass, up to a~positive! factor ofF` @42#. Recently Santiago
and Silbergleit@43# have rewritten the Jordan frame fie
equations of ST gravity by defining a new connection t
isolates the dynamical degrees of freedom of the me
gravitational field. Their formalism is algebraically equiv
lent to making a conformal transformation into the Einste
frame, so it not surprising that their result corroborates w
the proof outlined above. The scalar field contribution to
total energy-momentum of the spacetime can now be m
non-negative, contrary to the previous claim of Faraoniet al.
Here we simply use the conformal relationship between
two frames as a computational aid, and give our results in
physical Jordan frame.

IV. BOUNDARY VALUES AND SCALING RELATIONS

In addition to requiring asymptotic flatness, we impo
the boundary conditions

A051, s085F085C0850, ~47!

where the subscript ‘‘0’’ denotes values atx50. These con-
ditions ensure that the solutions are regular at the origin a
combined with the asymptotic flatness conditions~27!, they
make the field equations eigenvalue equations forÃ which
automatically lead to the asymptotic conditionss 8̀ 5B8̀
5F 8̀ 5C8̀ 50, A`51. The values ofF` and B` are not
determined by the field equations, and we next show h
they may each be rescaled to take on any value.

The field equations~22! to ~26! are invariant under the
global rescaling

B→gB, Ã→AgÃ, C→AgC, V→AgV, ~48!
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whereg is some constant. Equation~48! simply rescales the
magnitude of the time-like Killing vector field, and leaves a
solutions physically unchanged. With the gauge freedom
lowed by Eq.~48!, the field equations become eigenval
equations forB0 with V arbitrary and their solution in gen
eral leads to a value ofB`Þ1. We use Eq.~48! to setB`

51 for each solution.
The equations of motion are also invariant under the g

bal rescaling

F→k2F, s→ks, C→kC, q→ q

k
, L→ L

k2
,

~49!

wherek is some constant, providedv(F) is held invariant.
For a general ST theory, this will require a change in t
functional form ofv.

Equation~49! leaves the ratioS/F` and the ADM, Keple-
rian, tensor and Newtonian masses invariant and rescale
total charge and particle number as

Q→kQ, N→k2N. ~50!

Physically, the rescaling exchanges gravitating matter~mea-
sured by the number of bosons! for gravitational field energy
~which depends qualitatively upon the gravitational coupli
strengthG* 5G/F) in such a way as to leave the total ma
of the boson star invariant.

Consider now the set of solutions

S~s0 ;F` ,q,L!5$M ~s0 ;F` ,q,L!,N~s0 ;F` ,q,L!,

Q~s0 ;F` ,q,L!% ~51!

parametrized bys0 for fixed F` , q andL, whereM repre-
sents all of the mass values discussed in Sec. IV. Under
rescalingF`→k2F` the mass curves are re-parametrized

M ~s0 ;F` ,q,L!→M ~ks0 ;k2F` ,k21q,k22L! ~52!

while the particle number and charge curves are both
parametrized and rescaled as

N~s0 ;F` ,q,L!→k2N~ks0 ;k2F` ,k21q,k22L! ~53!

Q~s0 ;F` ,q,L!→kQ~ks0 ;k2F` ,k21q,k22L!.
~54!

Hence, by applying the rescaling~49!, S may be used to
generate a new physically distinct set of solutions:

S̃~s0 ;k2F` ,q,L!

5$M̃ ~s0 ;k2F` ,q,L!,Ñ~s0 ;k2F` ,q,L!,

Q̃~s0 ;k2F` ,q,L!%

5$M ~k21s0 ;F` ,kq,k2L!,

k2N~k21s0 ;F` ,kq,k2L!,

kQ~k21s0 ;F` ,kq,k2L!%. ~55!
0-7
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Thus, Eq.~49! may be used to compare boson stars in c
mological settings with different values ofF` .

The existence of this scaling relation means that we n
to vary at most two of the parametersF` , L andq in order
to investigate completely the properties of a solution in a
given theory. For example, by fixingF` to some constant
the complete set of solutions may be generated by the su
for which only L and q are varied. In addition, if either o
these two quantities is zero, we need only vary the othe
build up a complete set of solutions. This will be of use wh
we discuss our numerical results in Sec. VI. There we s
be primarily concerned with stars for whichL50 and we
shall show complete sets of solutions for several theories
only considering different values ofq.

Finally, we comment on another possible choice of m
and how it is affected by Eq.~49!. Torres, Schunck and
Liddle @44# definethe Schwarzschild mass by the relation

A5S 12
2M*

xF`
D 21

. ~56!

Note thatA(x) is the same metric potential both here and
Ref. @44#. Comparing this expression with Eq.~35! we have
M* 5F`M , which implies thatM* rescales by a factor o
k2 under Eq.~49! with q50. This will be important when we
analyze the behavior ofM* in a star undergoing gravita
tional evolution~see Sec. VII!. They then define the binding
energy by usingM *̀ 5 limx→`M* together with the rest mas
~as we have defined it! to give

E* 5M *̀ 2N, ~57!

which also rescales by a factor ofk2 under Eq.~49!. Their
choice is such that the binding energy of any solution has
same sign when compared with ours and the fractional b
ing energy~defined asB5E* /N in @44#! is identical for both
papers. Thus, if

M *̀ 2N,0, ~58!

then

M`2MN5
M *̀

F`
2MN5

M *̀

F`
2

N

F`
,0 ~59!

and

M *̀ 2N

N
[

M`2MN

MN
. ~60!

Here we have used the ADM mass~as we have defined it!
instead of the tensor mass since Torreset al. use the former
in @44#. As they point out, for the large values ofv they
consider, the numerical difference betweenMADM andMT is
negligible.

Since M* and the masses we define in this paper
measured in the same units, it is apparent that they mea
physically different quantities. As mentioned in the text af
Eq. ~35!, the masses we define implicitly include a factor
1/F` . This means thatMT ~or MADM whenv is very large!
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measures the total gravitational energy andMK measures the
active gravitational mass as seen by an orbiting test par
with negligible self-gravity. Our mass definitions correspo
to the productGM of Newtonian theory, whereM is the
Newtonian rest mass. The Newtonian analogue of Eq.~48! is
M→k2M, G→G/k2 which leavesGM invariant: the res-
caling swaps energy between the matter and the gravitati
field. In the weak field limit and whenv is large,M *̀ de-
scribes the rest mass of the star in which the gravitatio
coupling strength 1/F` has been factored out@see the dis-
cussion after Eq.~83! in the following section#. Thus M *̀
roughly corresponds toM. However, for strong field solu-
tions one cannot easily interpretM *̀ , since one cannot de
couple the gravitational field strength from the total energ

V. WEAK FIELD LIMIT AND THE LIMITING CHARGE

In this section we discuss the weak field limit of the s
lutions which we define as the limit in whichs0 is small but
non-zero. The analysis that follows is in part a generalizat
of the approach followed by Kaup@45# when dealing with
uncharged boson stars in GR and involves expanding
solutions in power series about flat spacetime. We start
defining a functionP(x) which has the boundary valueP0
51 and the functional form given implicitly by

s5«P. ~61!

The constant parameter«ªs0 /P0 measures the degree t
which the solution differs from flat spacetime and we sh
use it as the expansion parameter in the analysis. We
define a rescaled radial coordinate byaªA«x. Hence,P is
now considered to be a function ofa. Note that, by defini-
tion, P(a) has the same asymptotic form ass and decreases
exponentially asa→`.

The field variables and energy parameter we expand
powers of« about flat spacetime. We implicitly define ne
field variablesa, b, S andG by the first order expansions

A511«a~a!1O~«2!, ~62!

B511«b~a!1O~«2!, ~63!

F5F`1«S~a!1O~«2!, ~64!

C5
«

2
G~a!1O~«2! ~65!

and

V512
«

2
E1

«

2
qG~a!1O~«2!,

~66!

whereF` is the value of the scalar field at space-like infini
and E is a constant for each solution. We assume that
scalar field coupling parameter has the form

v5v`1«W~a!1O~«2!,
dv

dF
5D~a!1O~«!, ~67!
0-8
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wherev` is a constant,D5 lim«→0(dv/dF) and we have
written the second term in the expansion forv explicitly in
terms ofa. These assumptions restrict the applicability of t
following analysis to a subset of all possible scalar-ten
theories. However, Eqs.~67! are satisfied for both BD theor
and the power law theory. In the latter case we have

v5
2n

3F`
n

@F`1«S1O~«2!#n2
3

2
. ~68!

Expanding this expression binomially, we see that the po
law theory hasW52n2S/(3F`) andD52n2/(3F`).

In terms of the new variables the field equations~22! to
~26! become

~aa!85
4P2a2~v`11!

F`~2v`13!
1O~«!, ~69!

b85
a

a
2

2

F`

dS

da
1O~«!, ~70!

~a2b8!85
4P2a2~v`12!

F`~2v`13!
1O~«!, ~71!

~a2P8!85P~E1b2qG!1O~«!, ~72!

~a2S8!85
22P2a2

2v`13
1O~«! ~73!

and

~a2G8!852qP2a21O~«!, ~74!

where in this section a prime denotesd/da. We have derived
Eq. ~71! by differentiating Eq.~70! and substituting in Eqs
~69! and ~73!. Equations~62!–~65! taken together with the
asymptotic conditions~27! and ~28! imply that we must im-
pose the boundary conditions

a`5b`5G`5S`50. ~75!

Equations~71!, ~73! and ~74! imply that bothb and G are
strictly increasing functions ofa while S is strictly decreas-
ing. Combining these properties with the boundary con
tions above we haveb<0, G<0 and S>0, where the
equalities are only true in the limita→`. From Eq.~66!, the
requirement thatV`5Ã/m,1 and the vanishing ofG` im-
ply that E>0, where the equality is only true whenP50.

Combining Eqs.~32! and ~74! we have

Q5 1
2 A« lim

a→`
S a2

dG

daD
5A«E

0

`

qP2a2da1O~«3/2!

ªA«qN1O~«3/2!, ~76!

where we have defined
10405
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0

`

a2P2da. ~77!

The quantityA«N is the rest mass~or particle number! to
lowest order in«. From the definition~31! the Newtonian
mass in the weak field limit is given by

MN5
A«N
F`

1O~«3/2!. ~78!

From Eqs.~33! and ~73!, the scalar charge is given by

S5A« lim
a→`

S a2
dS

daD
52A«E

0

` 2P2a2

2v`13
da1O~«3/2!

52
2A«N

2v`13
1O~«3/2!, ~79!

where we have used Eq.~77! to obtain the final equality.
Integrating Eq.~69! and using the definition~35!, we obtain
the weak field ADM mass

MADM5
2A«~v`11!N
F`~2v`13!

1O~«3/2!, ~80!

where again we have used Eq.~77!. Combining Eqs.~79!
and ~80! with the definitions~37! and ~42! gives the weak
field tensor mass

MT5
A«N
F`

1O~«3/2! ~81!

and the weak field Keplerian mass

MK5
2A«~v`12!N
F`~2v`13!

1O~«3/2!. ~82!

Equations~81! and ~82! show that the Keplerian and tenso
masses may be written as the productsMK5A«GKN and
MT5A«GTN, where the coupling strengthsGK andGT are
given by

GK5
2~v`12!

F`~2v`13!
, GT5

1

F`
. ~83!

Hence, the weak field solutions are Newtonian in the se
that the Keplerian and tensor masses, which are the ac
masses to which test particles respond, may be decomp
as products of the star’s rest mass and a coupling strengt
addition we haveMT5MN to lowest order in«, which mo-
tivates the labelling of the quantity defined in Eq.~31! as the
Newtonian mass.

To calculate the fractional binding energy, we need
write MT and MN up to order«3/2. Rewriting the integrals
~34! and ~36! in terms of the weak field variables, one ca
show that the ADM mass and scalar charge are given by
0-9
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MADM5
2A«~v`11!N
F`~2v`13!

da1«3/2E
0

` a2

F`

3FP82~2v`11!

2~2v`13!
1

G82

8
2

S8b8

4
1

S82v`

4F`

2
DS82

2~2v`13!
1

P2

~2v`13! S 2W

2v`13
1~2v`15!

3~qG2E2b!2
2S

F`
~v`11! D Gda1O~«5/2! ~84!

and

S5
22A«N
2v`13

1«3/2E
0

`

a2F2
2P82

2v`13
2

DS82

2v`13

1
S8

2
~a82b8!1

2P2

~2v`13!

3S qG2E2b2a1
2W

~2v`13! D Gda1O~«5/2!.

~85!

Similarly, rewriting Eq.~29! and using the definition~30! we
have

MN5
A«N
F`

1«3/2E
0

`a2P2

2F`
~qG2b2E1a!da1O~«5/2!.

~86!

Combining Eqs.~37!, ~84!, ~85! and~86! with the expression
~39! for the fractional binding energy we have

B5
«

NE
0

`

a2FS82v`

4F`
2

S8a8

4
1

P82

2
1

G82

8

1
P2

2 S 2a~2v`11!

2v`13
2

4S~v`11!

F`~2v`13! D Gda1O~«2!.

~87!

We need to simplify this expression considerably. To do t
we integrate Eq.~87! by parts in order to write each term a
some numerical factor times the same positive definite in
gral. We carry out each partial integration separately bel
noting that all surface terms vanish due to the asympt
conditions~75! and the fact that all of the fields are finite
a50.

Using the wave equation~72! one can show that

E
0

`

a2P82da52E
0

`

a2P2~E1b2qG!da. ~88!

Integrating the productaP8(a2P8)8 by parts and using Eq
~88! one can also show that

E
0

`

a2P82da5
1

2E0

`

a3P2~b82qG8!da. ~89!
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Integratinga2S8a8 by parts and using Eqs.~70! and~73! we
have

E
0

`

a2S8a8da5E
0

` 2P2a3

2v`13 S b81
2S8

F`
Dda. ~90!

Integrating botha2S82 and the productaS8(a2S8)8 by
parts, using the wave equation~73! and combining the re-
sults one can show that

E
0

`

a2S82da52E
0

`4a3P2S8

2v`13
da5E

0

`2a2P2S

2v`13
da.

~91!

Similarly, one can also show that

E
0

`

a2G82da5E
0

`

4a3P2qG8da52E
0

`

2a2P2qG da.

~92!

Using Eq.~69! we have

E
0

`

a2P2a da5E
0

`

a3P2S b81
2S8

F`
Dda. ~93!

Substituting Eqs.~89!–~93! into our expression for the frac
tional binding energy~87! gives

B5
«

NE
0

`

a3P2FqG8

4
1

1

2v`13 S S8

F`
~v`12!

2
b8

4
~2v`11! D Gda1O~«2!. ~94!

To simplify this expression further, we use Eq.~74! to obtain

E
0

`

a3P2G85E
0

`

aP2~a2G8!da5E
0

`

2qXaP2 da,

~95!

where we have defined a new function

X~a!ªE
0

a

ã2P2 dã. ~96!

Similarly, from Eqs.~71! and ~73! we have

E
0

`

a3P2b8da5E
0

`4XaP2~v`12!

F`~2v`13!
da ~97!

and

E
0

`

a3P2S8da52E
0

` 2XaP2

2v`13
da. ~98!

The quantityP2 is positive or zero over the interval of th
integration which implies thatX is an increasing positive
function ofa that vanishes ata50. The exponential decreas
of P in the limit a→` implies thatX has a finite limitX` .
0-10
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Hence the integrals~95!, ~97! and ~98! are finite and substi-
tuting them into Eq.~94! gives

B5
«

N S q2

2
2

v`12

F`~2v`13! D E0

`

aXP2da1O~«2!.

~99!

This result is independent ofL and is true for any form of
the coupling parameterv(F) that satisfies Eq.~67!.

Equation~99! implies that the fractional binding energy
negative provided

q,qmax~v` ,F`!5A 2~v`12!

F`~2v`13!
. ~100!

For the star to be stableB must be negative. Hence Eq.~100!
places an upper limit on the charge to mass ratio of
bosons that form a stable star in the weak field limit. Fo
star withq.qmax the Coulomb repulsion dominates over t
gravitational attraction and no stable solution exists. N
that, as one would intuitively expect,qmax}A1/F` for fixed
v, so that the greater the gravitational coupling strength,
greater the amount of charge that can be bound into a st
object. In Sec. VI we shall numerically examine howqmax is
modified for strong field solutions.

For finite v we haveqmax.1 for F`51 which implies
that in ST gravity it is possible to construct a stable star fr
bosons whose charge is greater than that allowed by GR
the GR limit, wherev→`, Eq. ~100! givesqmax51, which
is the upper limit onq given by Jetzer and van der Bij by jus
comparing the electrostatic and electromagnetic forces@7#
~note that our unit of charge differs from theirs by a factor
A2). Hence, the above derivation serves also as a deta
proof of the maximum charge in general relativity.

VI. NUMERICAL SOLUTIONS

In this section we discuss strong field solutions of the fi
equations~22!–~26! for both BD theory and the power law
ST theory. In their full form, the equations are complicat
enough to require numerical integration. To generate e
solution in the setS, the numerical routine that finds th
eigenvalueB0 must be nested inside a second iterative r
tine that searches for the the value ofF0 that gives a value of
F` common to all solutions inS. When generating eac
solution, the numerical routine halts at the value ofx at
which s becomes too small for the code to proceed furth
typically at a values;10210. Then the tensor mass is ca
culated using Eq.~46! with the limit replaced by values ofx
near to the termination point of the routine and a pow
series approximation aboutx5` is used to estimateMT for
the solution. A similar power series method is used to cal
lateN andS, based on the behavior ofF(x) and the integral
of dN/dx out to the termination point.

For the sake of ease of comparison, we have chosenF`

51 for all of the solution sets we discuss here, and t
choice implies thatMN and N are numerically identical for
each solution. The sets of equilibrium solutions are shown
Figs. 1–5. In each of these figures we show tensor mass
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Newtonian mass curves as a function ofs0 for several sets
of solutions within the same theory, choosing a differe
value ofq for each pair of curves. The results of the nume
cal integrations are then used to construct Figs. 6–9.
shall discuss each figure separately below.

Figure 1 shows the mass curves for several sets of s
tions in thev5500,L50 BD theory, for which the weak
field charge limit isqmax51.001. As one would expect from
such a large value ofv, the curves in Fig. 1 are virtually
indistinguishable from the mass and particle number cur
calculated for GR boson stars in@7#. As q approachesqmax
from below, the locations of the maxima in theMT andMN
curves shift to lower values ofs0 and the binding energiesE
decrease in magnitude, while the gradientsdMT /ds0 and
dMN /ds0 of the curves nears050 increase. In addition, a
q increases, the mass curves shift to successively higher
ues, since a star consisting of bosons with largeq must gen-
erate a strong gravitational field to overcome its own Co
lomb repulsion. This is achieved by an increase inN ~hence
an increase inMN) which leads to an increase inMT . Since
v is large for these solutions,F remains approximately ho
mogeneous throughout each star in each solution set sh
in the figure. For example, in the maximum massq50.99
solution,F0 andF` differ by less that 1%. Hence the solu
tions in the figure show no strong scalar-tensor gravitatio
effects.

In Fig. 2 we show mass curves for several sets of so
tions in thev521, L50 BD theory. As mentioned in Sec
I, this choice of the coupling constant may be relevant to

FIG. 1. Mass curves for thev5500 Brans-Dicke theory with
F`51 andL50. The curves are parametrized bys0 and labelled
by the boson charge-to-mass ratioq. For each value ofq two curves
are shown: the tensor massMT ~dashed curves! and the Newtonian
massMN ~solid curves!. Both masses are measured in units
M pl

2 /m. Our choice ofF` implies thatMN is numerically equal to
the particle numberN andM *̀ is numerically equal toMADM .
0-11
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A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
study of boson stars in the very early Universe, although
this case our value ofF`51 is physically unrealistic: to
approximate a boson star embedded in the early~possibly
string theory dominated! Universe, we should choose a valu
F`,1. However, from the scaling relation~49!, rescaling
the asymptotic value ofF merely rescales the horizontal ax
of Fig. 2 and leaves the form of the curves invariant~al-
though for F`Þ1, MN and N are no longer numerically
equal andq must be rescaled!. Hence the figure may be use
as a template to generatev521 boson stars solutions wit
any value ofF` .

For thev521 BD theory, the weak field charge limit i
qmax5A2. As Fig. 2 shows, this limit does not extend to t
strong field solutions~in contrast with the GR charged boso
stars for which the limitqmax51 holds for all values ofs0).
The mass curves of the solution set for whichqmax.q
.qc , whereqc is some critical value ofq, diverge at finite
values ofs0, and the value ofs0 at which this happens
decreases with increasingq. The mass curves of the solutio
set satisfyingq,qc do not diverge, although for the value
of q presented here the value ofs0 at which the mass curve
are maximal increases withq. We have numerically found
that qc'0.90 for thev521 solutions. This value is ap
proximate since the equations are very hard to integ
whenq is close toqc .

FIG. 2. Mass curves for thev521 Brans-Dicke theory with
F`51 andL50. Curve labelling and parametrization are the sa
as in Fig. 1. The weak field charge limit isqmax

2 52 and the critical
charge isqc50.90, above which the mass curves diverge. The d
points show solutions used to generate the evolution sequenc
Fig. 9. Four sets of generating solutions are shown:q51.0 ~marked
by stars!, q50.9 ~marked by circles!, q50.8 ~marked by triangles!
andq50.7 ~marked by squares!. The initial solution for each evo-
lution sequence is atMN51 and the later time generating solution
are those of higher values ofq and lower values ofMN , MT and
s0. See the text in Sec. VII for a further explanation.
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Physically, we may understand the reason for the div
gent behavior of the masses as follows. For each solut
the ratio F0 /F`.1 and this quantity increases withs0
sinceF is strongly coupled to the curvature. Hence, with
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FIG. 3. Mass curves for thev51 Brans-Dicke theory with
F`51 andL50. Curve labelling and parametrization are the sa
as in Fig. 1. The weak field charge limit isqmax

2 51.2 and the criti-
cal charge isqc50.976.

FIG. 4. Mass curves for the 2v135
4
3 nFn power law ST

theory with n54, F`51 andL50. Curve labelling and param
etrization are the same as in Fig. 1. The weak field charge lim
qmax

2 519/16 and the critical charge isqc50.986.
0-12
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CHARGED SCALAR-TENSOR BOSON STARS: . . . PHYSICAL REVIEW D 60 104050
any particular solution set satisfyingq.qc , the active gravi-
tational mass of each boson~measured qualitatively by th
productmF21! decreases ass0 increases. At some finites0,

FIG. 5. Mass curves for thev51 Brans-Dicke theory in the
limit L→` with F`51. Curve labelling is the same as in Fig.
The curves are parametrized by the rescaled central densitys* and
the masses are measured in units ofM pl

2 /(mL1/2). The weak field
charge limit isqmax

2 51.2 ~the same as in Fig. 3! while the critical
charge isqc50.905.

FIG. 6. Bifurcation diagram for charged boson stars in then
54 power law theory. Using catastrophe theory one may show
the appearance of cusps signals a change in the stability of
stellar object. Branches that start at the coordinate origin are st
10405
the number of bosons with chargeq needed to generate
gravitational field sufficient to overcome their own Coulom
repulsion diverges. The results shown in Fig. 2 imply that
limiting chargeqmax is a decreasing function ofs0 that has

at
he
le.

FIG. 7. Scalar couplingaª2S/MN as a function of rest mas
for charged boson stars in then54 power law theory. The limiting
value asMN→0 may be obtained analytically using Eq.~104!.

FIG. 8. Evolution curves for uncharged boson stars inv521
Brans-Dicke theory withL50. The curves are labelled byN and
evolve from configurations withF`51 to configurations withF`

56. The direction of increasing time along the curves is towa
the origin of the graph.
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A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
the weak field value in the limits0→0 and asymptotes to
wardsqc ass0→`. Solutions withq.qmax(s0) do not ex-
ist, just as in the GR case.

Figure 3 shows sets of solutions forv51 BD gravity
with L50. The weak field charge limit in this case isA1.2.
The coupling betweenF and the curvature is weaker than
is in thev521 theory and the mass curves show behav
intermediate between those in Figs. 1 and 2. For valuesq
up to q'0.9, the location of the maxima in theMT andMN
curves decreases with increasingq. As q increases further
the location of the maxima starts to shift towards high
values ofs0 until the mass curves diverge atq5qc'0.976.
This value is smaller than thev521 critical charge and the
numerical solutions suggest thatqc is also a decreasing func
tion of v for fixed s0 that only approaches the GR char
limit as v→`.

Figure 4 shows mass curves for the power law ST theo
where 2v(F)135 4

3 nFn. We have setn54 in these solu-
tions; this parameter choice is in agreement with current
servational constraints on this kind of ST theories@46#.
These are based on primordial nucleosynthesis calculati
which for this theory are stronger than the constraints
posed by solar system tests.~In fact, weak field test do no
impose any bound on the exponent of the power law. Thi
a consequence of the form of the matter era cosmolog
solutions@47#, which are such thatv→` and v23dv/dF
→0 when t→` for all n.! As with the BD solutions, the
mass curves diverge for values ofq greater than the critica

FIG. 9. Evolution curves for charged boson stars inv521
Brans-Dicke theory withL50. All stars haveN51 and evolve
from configurations withF`51 to configurations withF`52.8.
The direction of increasing time along the curves is towards
origin of the graph. The symbols~squares, triangles, circles an
stars! on each curve are the rescaledF`51, generating solutions
shown in Fig. 2.
10405
r

r

y,

-

s,
-

is
al

charge, which for this theory isqc'0.986. Then54 power
law boson stars could conceivably be observed today, an
is interesting that their mass curves are very different fr
their GR counterparts.

We next outline how one converts from the dimensionle
charge unit we use here to the SI unit of charge. Rewrit
the weak field relationship~100! as an equation that balance
gravitational and electrostatic forces on a boson in
asymptotic region of the star, one finds that the chargeẽ of
each boson, measured in coulombs, is given by

ẽ5qmA4peG

F`
~101!

where e is the permitivity of the boson star. For a star
particle numberN, the total chargeQ̃, measured in cou-
lombs, is

Q̃5qmA4peG

F`
NS M pl

m D 2

. ~102!

For example, if we takem530 GeV'5.3310226 kg, then
ẽ'(4.5310236)q C. For a boson star withN5q51, one
hasQ̃'1 C. This charge is small. However, such a star w
have a very small radius~approximately 10217 m) so that its
charge density is very large.

In all of these solutions we have found that, for a givenN
andq, the magnitude of the scalar chargeS increases while
the massMT decreases, as the coupling strength 1/v is in-
creased. This implies that for a given number of bosons
chargeq, the magnitude of the binding energyE increases
with the coupling strength. Thus the bosons become m
tightly bound even though the mass is smaller in the stro
coupling case. One can understand this apparent discrep
as follows. For all of these solutions, the scalar charge
negative and, comparing Eqs.~37! and~42!, this implies that
MK.MT , where the difference between these two quantit
increases with the coupling strength. It is even possible
MK to exceedMN for particularly strong couplings~see@38#
for an example!. One can show that the fractional bindin
energiesB are reasonably small for all of these solutio
~even for the rather extremev521 solutions, for whichB
never exceeds 0.2), so that to a first order of approxima
the bosons that make up the atmosphere of a given star
be treated as a cloud of non-self-gravitating test partic
Here, the term atmosphere rather loosely describes
asymptotic region of the star which encloses most of
mass, electrical charge and scalar charge. However, as m
tioned at the end of Sec. III, non-self-gravitating test p
ticles respond to the Keplerian mass. Hence, in Newton
terms, the gravitational force experienced by the boson
the atmosphere tends to increase as the coupling stre
increases, even though the energy of the star decreases.
star withq,qc , the bosons in the central region of the st
experience much the same conditions. The effects descr
here are entirely separate to the weakening of the grav
tional field strength within the star caused by the increase
the ratioF0 /F` with coupling strength. Although this re

e
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CHARGED SCALAR-TENSOR BOSON STARS: . . . PHYSICAL REVIEW D 60 104050
duces the Keplerian mass, in a star withq,qc this effect is
swamped by the increase in the scalar charge. For stars
q.qc , the weakening of the gravitational field streng
dominates over the increase in scalar charge and the d
gent behavior discussed above occurs. The fact that the
lar charge is large for strongly coupled stars will be imp
tant when we discuss the scalarization phenomenon bel

Finally we consider the effect of introducing a quar
self-interaction term into the matter Lagrangian. For the G
solutions, the inclusion of the self-interaction increases
mass of the stars but does not alter the value ofqmax @7#. We
have found that for ST theories, the inclusion of theL term
not only increases the mass but also slightly decreases
charge limit of the strong field solutions. To illustrate th
Fig. 5 shows mass curves for thev51 BD theory in the
limit L→`. The field equations in this limit are obtained b
making the change of variabless→s* 5sL21/2 and x
→x* 5xL1/2, substituting these new variables into the fie
equations~22!–~26!, and taking the limitL→` ~see@3#, @7#
and @17# for details!. The resulting field equations are ide
tical to Eqs.~22!–~26! except that thes82 terms vanish,s4L
is replaced bys* 4, s and x are replaced bys* and x*
respectively, and Eq.~25! is replaced by the algebraic equ
tion

s* 25
V2

B
21. ~103!

The masses are now measured in units ofL1/2M pl
2 /m, while

N is measured in units ofL1/2M pl
2 /m2. This implies that one

must insert a factor ofL1/2 in Eq. ~102! to find the total
charge on these stars in SI units.

The curves in Fig. 5 are qualitatively similar to those
Fig. 3 and the weak field valueqmax is the same as in the
L50 case, since the limit imposed by Eq.~100! is indepen-
dent of L. However, the critical charge has decreased t
value qc'0.905. This is to be expected, since a factor
s4L appears in the source term of the scalar wave equa
~25! which implies that a large value ofL leads to larger
inhomogeneities inF. Nevertheless, this effect is still fairly
minimal. Numerical calculations for other choices ofv show
similar behavior.

Figures 6 and 7 are derived from the numerical out
used to generate Fig. 4. Figure 6 is a bifurcation diagram
the stars. The first five curves are for solutions withq,qc
and each shows a cusp at which the solutions become
stable. The remaining three curves, withq.qc , show no
cusps and all are stable. The other solution sets we h
analyzed have similar diagrams and all of the solutions w
q.qc are stable. However, these objects have such la
total charges and such small binding energies that their
mation may be halted by their own coulomb repulsion.

Figure 7 shows the behavior of the coupling parame
aª2S/MN for the power law boson stars. Note thata here
is different from the weak field metric potential defined
Sec. V. This coupling parameter measures the strength o
coupling between the scalar field and the normal matter~in
this case the bosonic matter!. In the GR limit,a→0. As the
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figure shows, this quantity is non-negligible even though
theory satisfies the current observational constraints.

The coupling parametera was first introduced by
Damour and Esposito-Farese in the study of neutron
equilibrium solutions@16#. They found that a phenomeno
known as spontaneous scalarization~SS! develops in the so-
lutions: beyond a certain state of compactness, a ST neu
star develops a non-trivial scalar field configuration ev
when the coupling parameterv of the ST theory is chosen s
thatv→` far from the star. Their results are given in Fig.
of Ref. @16# and show that, when the baryonic massMB of
the star is less that some critical value,a is negligible, while
as MB is increased beyond this value,a rapidly grows to a
maximum before decreasing again asMB is increased to its
maximum value.MB is analogous toMN for bosons stars
and Fig. 7 shows that the power law boson stars exh
similar behavior to neutron stars for large value ofMN but
differ considerably whenMN is small. In this case,a in-
creases towards some limiting value asMN decreases. This
limit may be calculated as follows. AsMN→0, s0→0 and
from the weak field equations~78! and ~79! we have

lim
s0→0

a52 lim
s0→0

S S

MN
D5

2F`

2v`13
. ~104!

The difference between these two behaviors may be du
the choice of the coupling parameterv(F). In Ref.@16#, this
coupling has the form 2v13;1/(logF) which implies that,
in the spatially asymptotic region,v→` for the choiceF`

51. For the power law boson stars we havev`52/3n
23/2 for F`51, which is finite.

VII. GRAVITATIONAL EVOLUTION

When we consider a boson star~or any other compac
object! in an evolving cosmological background, we have
take into account the influence of the time varying cosm
logical value ofF on the structure of the star. To a firs
approximation, and in want of a more rigorous analytic
analysis, we assume thatF` increases slowly with cosmo
logical time and that the boson star evolves quasi-static
so that, at any point in its evolution, it is described by a sta
equilibrium solution with the appropriate value ofF` . This
approximation is a good one if the free fall time scale of t
star is much smaller than the characteristic time scale o
which G! varies, and is often made when considering oth
compact objects such as white dwarfs. Stars with sma
values ofF` are assumed to exist at earlier cosmologi
times, since in a general ST cosmological modelF tends to
increase with time. The star is modelled as a sequenc
asymptotically flat equilibrium solutions, where each star
the sequence has a value ofF` greater than the precedin
~earlier time! star. This continues the approach adopted
Torres et al. @29,44#, who showed how an increase inF`

affects the physical characteristics of the star. They part
larly discuss the evolution of a star for whichs0 remains
constant, although they also consider some other case
more general evolution.
0-15



vo
xe

ti-

l
a
h

ic
of
di
io
co

r
l
-

a
f S
ei

-

th
ti
o

pe
lo
e
ra

st

is

e
at

r
is
t

t

lar

th

-

us-

has
this

i-
cu-

lo-
l
ses.

ge-
rest

nted
ch
the

r is
s
s
s
as
t

n-
r

er
-

me

the

r
ion

field

tar

ves

.
ion

hen

A. W. WHINNETT AND DIEGO F. TORRES PHYSICAL REVIEW D60 104050
In this section we discuss the possible gravitational e
lution of both charged and uncharged boson stars of fi
particle numberN. The assumption thatN is constant during
the evolution of an asymptotically flat configuration is jus
fied since, in this case, Eq.~30! is valid andN is a conserved
charge. However, in a cosmological setting~in which the
spacetime is not asymptotically flat!, we cannot in genera
write a global conservation law for any quantity, but inste
must approximate a quasi-local conservation equation. T
problem is not unique to ST boson stars in a cosmolog
setting: for any metric theory of gravity the formulation
global conservation laws in a general spacetime is very
ficult. In this analysis we assume that the asymptotic reg
of the boson star matches smoothly to a homogeneous
mological solution at some large valuex1 of the radial coor-
dinate where the boson field amplitudes is negligible. We
assume that the quasi-local value of the particle numbe
the star in a cosmological setting~evaluated as an integra
out to the matching surfacex5x1 over some space-like hy
persurface! is approximately equal toN, the particle number
the star would have if isolated in an asymptotically fl
spacetime. Note that the Jordan frame representation o
gravity that we use in this paper embodies the Einst
equivalence principle~defined in@14#! so that local charge
conservation holds andq is constant during the star’s evolu
tion. Hence, ifN is constant, this implies thatQ remains
constant. However, as we shall show below,MT is not con-
served during the evolution. Physically, the assumption
N is constant is reasonable since classically, this quan
may be literally interpreted as a count of the number
bosons in the star, a procedure that is coordinate inde
dent. The mass, on the other hand, is treated as a quasi-
quantity when the star is in a cosmological setting, and th
are no conservation laws or physical arguments to const
its behavior.

We first examine the evolution of an uncharged boson
of particle numberN with L50 in BD gravity. We make use
of the notation of Sec. IV in which a set of solutions
denotedS(s0 ;F` ,q,L), whereF` , q andL are fixed and
s0 is a parameter that labels the different elements ofS. In
the discussion that follows,s0 is an independent variabl
while s1 and s2 are particular values of this variable th
label particular solutions within the set.

Let the initial asymptotic value of the scalar field beF1
5F`(t1) at some initial timet1 so that the star is a membe
of the setS1(s0 ;F1 ,q50,L50). We assume that the star
initially stable, which implies that it lies to the left of the firs
maximum in theN(s0) curve @39#. Then the pair (N,F1)
uniquely determines the initial central amplitudes1 of the
boson field. The star will have a massM15MT(s1 ,F1 ,q
50,L50). Heres1 is the particular value ofs0 that gives
the element ofS1 with particle numberN. At some later time
t2, the asymptotic value of the scalar field has evolved
F25F`(t2)5k2F1 wherek.1. At this time the star is a
member of the setS2(s0 ;F2 ,q50,L50) with particle
numberN. In general, this solution will have a central sca
field amplitudes2 different from s1. From Eqs.~51! and
~55!, the later time solution is generated by a rescaling of
member ofS1 that has particle numberk22N. Sincek.1,
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and since for stable stars inS1 the particle number curve
N(s0) obeysdN/ds0.0, this generating solution hass2

,s1. For stable solutionsdMT /ds0.0, which implies that
the massM25MT(s2 ,F1 ,q50,L50) of the generating so
lution obeys the relationM2,M1. To find the physical char-
acteristics of the new solution at timet2 we must use Eq.
~49! to rescale the parameters of the generating solution
ing the rescaling factork. However,MT is invariant under
this rescaling which implies that the later time boson star
a smaller mass than the earlier time solution. Repeating
process for successively higher values ofF` ~or, equiva-
lently, later cosmological times!, one can see that the phys
cal properties of the star during its evolution may be cal
lated from the single initial solution setS1: as the
cosmological time increases, the generating solution is
cated at an ever decreasing value ofs0 and its mass, as wel
as the mass of the physical solution it generates, decrea
In addition, the scalar field becomes increasingly homo
neous and its central value decreases, as viewed from the
frame of the star. Physically, the mass loss may be accou
for by the generation of scalar gravitational radiation, whi
carries energy out from the star, and the weakening of
gravitational coupling strength. As pointed out in@44#,
within a single solution set the radius of a stable boson sta
an increasing function of 1/s0 ~stars approach infinite radiu
in the weak field limits0→0). The radius, like the mass, i
invariant under Eq.~49!, so that this quantity also increase
with cosmological time. Note that if the star starts out
being stable at timet1, then it will remain stable throughou
its evolution.

Figure 8 shows evolution curves for four stable, u
charged boson stars inv521 BD gravity, where each sta
has a different particle numberN. Each star evolves from an
initial equilibrium solution withF`51 to a configuration
with F`56. The generating solutions all lie on theq50
curves of Fig. 2, and all of the stars evolve towards low
values ofMT and s0 ~in other words, the generating solu
tions approach the weak field limit as the cosmological ti
increases!. For the stable part of each setS, the quantity
A12V`

2 , which gives a measure of the inverse radius of
star, tends towards 0 ass0→0 ~this is true for all of the
solutions investigated here!. Hence the radius of each sta
increases as it evolves. If we were to continue the evolut
beyondF`56, we would find that in the limitF`→`, the
stars tend towards a state of zero mass, zero boson
amplitude and infinite radius~i.e., they disperse!. Further-
more, since the ratioF0 /F` decreases towards unity ass0
decreases, the scalar field in the interior of an evolving s
becomes increasingly homogeneous.

We now compare these results with the evolution cur
shown in Fig. 1 of Ref.@44#. There, it was found that the
massM *̀ of the equilibrium solutions increased with time
This behavior may be understood if we recall the discuss
of Sec. IV A. The definition of mass used in@44# differs from
the one used here by a factor ofF` . On using the definition
in the former paper, one finds that the mass increases w
we rescale from the generating solution~with F`51! to the
0-16



e
ting

or
al
s

3
7
0

CHARGED SCALAR-TENSOR BOSON STARS: . . . PHYSICAL REVIEW D 60 104050
TABLE I. Here we show some data from anv521, q50 BD boson star evolution, in which the particl
number is conserved. We have chosenN50.6. Columns 2, 3 and 4 show the parameters of the genera
solutions: central boson field amplitudes0, particle numberN and mass~here we use the Jordan frame ADM
mass for ease of comparison!. Columns 5 and 6 shows0 and the massM *̀ of the physical solution, using the
mass definition adopted in the paper by Torres, Schunck and Liddle@44#. Since this mass rescales by a fact
k2, it is larger than in the generating solution and increases withF` . In the present paper, the physic
solution has equal ADM mass to the generating solution, sinceMADM is invariant under the rescaling. Thu
this mass decreases with cosmic time.

F` s0 N MADM s0 M *̀

1.00000 0.242902 0.600000 0.520288 0.242902 0.520288
1.20000 0.159362 0.500000 0.446675 0.174572 0.536010
1.40000 0.117526 0.428571 0.393866 0.139059 0.551412
1.60000 9.14216E-02 0.375000 0.352852 0.115640 0.56456
1.80000 7.16179E-02 0.333333 0.315893 9.60855E-02 0.56860
2.00000 5.77638E-02 0.300000 0.285910 8.16904E-02 0.57182
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physical solution~with F`.1).1 The mass we use here
invariant under this rescaling. A quantitative example of h
these results differ for constantN evolution is given in Table
I. The conclusions in@44# are seen to be correct once o
recognizes that their mass is physically different to the d
nition we adopt here.

For the sake of completeness, we briefly outline how
uncharged star of constants0 evolves. This kind of evolution
is discussed in Ref.@44# and we reproduce and expand o
their results. Since the rescaling factork increases with cos
mic time, the generating solutions must be those of e
decreasing values ofs0 that approach the weak field limit a
time increases. As is the case for the fixedN evolution, the
massMT of the constants0 stars decreases with time. He
N is no longer conserved and in the physical solution will
general increase with time. This can be seen as follows.
der a small changeds0 in the generating solution we hav
s0→s̃05s01ds0. Sinces0 is constant in the physical so
lution, we havek512ds0 /s0 to first order inds0 /s0 and,
since k.1, this implies thatds0,0 to lowest order. The
particle numberN changes according to the relationN→Ñ

5N1ds0(dN/ds0), whereÑ is the particle number of the
generating solution ats̃0, and we have written this expres
sion to lowest order inds0s0. Rescaling to find the corre
sponding particle numbers of the physical solutions and
ing their difference we havek2Ñ2N5ds0(dN/ds0
22N/s0), which is positive wherever the generating so
tion satisfies the inequality (s0 /N)dN/ds0,2. One can
show numerically that this is true for all stable solutions w
q,qc . For any particular set of solutions withq.qc , the
inequality is satisfied only up to some particular value ofs0
that varies with the parameters of the set. Again, as discu
in Sec. IV A, the massM *̀ used in Ref.@44# is different from

1We note here that the choiceF`51 for the generating solution is
for convenience only and similar curves could be drawn for s
evolving from the distant past~with F`,1) through to the presen
cosmic time~with F`51) by making a second rescaling of th
parameters of the physical solutions.
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the one used here, and it rescales by a factor ofk2 under Eq.
~49!. In a constants0 evolution, one can show thatM *̀ will
be increasing with time if the condition
(s0 /M *̀ ) dM*̀ /ds0,2 holds for the generating solution
This is true for all solutions withq,qc and for solutions
with q.qc whose central boson field amplitude is belo
some particular value.

We next consider the evolution of a charged boson s
with L50 in BD gravity. The situation here is more com
plex since we must also deal with the charge rescaling in
~49!. To start with, we consider a stable boson star of part
numberN and massM1 made up of bosons with chargeq,
where the asymptotic scalar field has the valueF1. The so-
lution is a member of the setS1(s0 ;F1 ,q,L50). The
choice ofN andq uniquely determines the central boson fie
amplitude s1 of the solution. Again, keepingN fixed we
evolveF` to a new valueF25F`(t2)5k2F1 wherek.1.
The star is now a member of the setS2(s0 ;F2 ,q,L50)
with particle numberN. However, in this case the new solu
tion cannot be generated by rescaling a solution inS1, since
we must also take into account the rescaling ofq. Instead the
generator of the new solution is the member of the
S3(s0 ;F1 ,kq,L50) with particle numberk22N. Repeating
this process for successively higher values ofF` we see that
the generating solutions at each cosmological time are th
of successively higher valuesq.

Figure 9 shows the evolution of several charged bo
stars inv521 BD theory. The stars have chargesq50.7,
q50.8, q50.9 andq51.0, and each hasN51 particles.
Each of the solutions evolves from an initial value ofF`

51 to a final value ofF`52.8. The direction of increasing
time in the figure is from top right to bottom left, and eac
star evolves to a configuration of lower mass and lower c
tral boson field amplitude. Some of theF`51 solutions
used to generate the late time solutions are shown as p
in Fig. 2, where later time generating solutions are those
higher values ofq. Their corresponding rescaled~physical!
solutions are shown as points in Fig. 6. Unlike in the u
charged case, charged boson stars cannot evolve indefin
At some point in a star’s evolution, its generating soluti
has a value ofq that exceedsqc and the star will no longer be

s
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stable: as the cosmological value ofG! becomes weake
~i.e., F` increases!, F in the interior of the star become
increasingly more homogeneous while its central value a
increases. Eventually, the gravitational field inside the s
will become too weak for the star to remain gravitationa
bound and it will be dispersed by its own Coulomb field af
some finite time. This phenomena is unique to ST grav
since it is only in these theories that the gravitational fi
strength in the star may weaken with time.

The evolution of a star in a more general ST theory i
little more complex sincev will not be invariant under a
rescaling ofF unless its functional form is changed. F
example, given the power law coupling considered abo
one would also have to rescale the numerical coefficien
4/3 by a factor ofk22n. Hence, to analyze the evolution of
ST star one would have to start with a sequence of gene
ing solutions, each with a different choice ofv, much as in
the case of a charged BD stars in which we needed a
quence of generating solutions, each of a different charg

VIII. CONCLUSIONS

In this work, we have studied the equilibrium configur
tions of charged boson stars both in Brans-Dicke theory
scalar-tensor gravity with a power law coupling, and we ha
re-examined uncharged boson star solutions. We have fo
that, theoretically, these structures are stable and might e
in the real Universe, provided of course that a ST the
correctly describes the gravitational interaction. However
is likely that only rotating stars will exist in an astrophysic
setting. While we have made no attempt to construct so
tions describing rotating charged stars, the existence of ro
ing stars in the uncharged case leads us to suppose
charged objects of this kind may also exist in GR and
et

g

a
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gravity. The use of charged objects to generate astrophys
effects was recently analyzed for the case of black holes,
this constitutes an additional motivation for the considerat
of other charged stellar structures. Additionally, the study
the range of possible stellar structures in ST gravity is
from being complete, and a careful understanding of the
fluence of an evolvingG! in a cosmological background i
still missing. Without stating again each of the results
have obtained in the previous sections, we may say that
use of simple relativistic objects, such as the boson s
explored here, provide a useful setting in which to discu
gravitational issues and to compare ST theories with GR.
example, we have found that the properties of both static
evolving charged ST solutions in a cosmological backgrou
differ considerably from those of GR solutions. By clarifyin
the mass definitions and the properties of the rescaling,
have shown for the first time that gravitational evolution m
drive a compact object towards a state of decreased en
and central density. The degree to which our conclusions
true for more complex and realistic astrophysical objects
unclear. However, it seems likely that these objects will yie
observable astrophysical signals, like those reported in R
@30,31# for the case of white dwarfs. Much more work ha
yet to be done, particularly in the field of gravitation
memory and gravitational evolution.
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